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Systems of reacting particles, which are well mixed or distributed homogeneously in space, are commonly
modeled by deterministic rate equations. These equations, which are based on the mean-field approximation,
are valid for macroscopic systems. However, they neglect fluctuations in the particle populations. As a result,
under conditions of strong fluctuations, the reaction rates obtained from the rate equations are highly inaccu-
rate. To account for the fluctuations, stochastic methods are required. However, these methods are computa-
tionally intensive and may become infeasible for complex reaction networks. Therefore, it is useful to identify
the conditions under which the rate equations provide accurate results. Naively, one expects strong fluctuations
when the average population sizes of some of the reactants are of order one or lower. Here we present a
systematic approach, for testing the validity of the rate equations, in which we define characteristic scales in
terms of the rate constants of the network. We show that the rate equations fail to accurately reproduce the
reaction rates when the system size is reduced below these scales. Surprisingly, the rate equations are found to
be applicable in a wider range than expected. Their validity depends not only on the population sizes of the

reactive species but also on the kinetic properties of the reaction network.

DOLI: 10.1103/PhysRevE.78.041105

I. INTRODUCTION

Systems of interacting species are prevalent in many
fields of science, including chemistry, biology, and ecology.
Such systems can be described by networks or graphs, in
which each node represents a species and each edge repre-
sents an interaction. The interactions affect the population
sizes of the different species, which may vary as a function
of time. A common approach for the quantitative analysis of
such systems is based on rate equations, which describe the
temporal evolution of the population size of each species
[1,2]. The rate equations are deterministic in the sense that
they are based on a mean-field approach, which ignores sto-
chastic effects. Thus, they are easy to construct and highly
efficient in terms of computational resources. They provide
accurate results when the populations are large and well
mixed such that spatial inhomogeneities can be ignored.
However, the rate equation method fails when features such
as the discrete nature of the interacting species and fluctua-
tions in their populations become important. Such situations
are common in chemical and biological processes. For ex-
ample, in surface catalysis systems, the surface is often par-
titioned into facets on nanometric dimensions, with little dif-
fusion between the facets. Under these conditions the
number of reactive atoms and molecules residing on a facet
is small and fluctuations are strong [3—8]. Another important
example of chemical reaction networks that require stochas-
tic analysis appears in the field of interstellar chemistry
[9-11]. Some of the chemical reactions in interstellar clouds
take place on the surfaces of dust grains [12,13]. These in-
clude molecular hydrogen formation [14—17] as well as re-
action networks that form ice mantles and certain organic
molecules. Due to the submicron size of the grains and the
low gas density, the populations of reactive species per grain
are small and strongly fluctuate. Therefore, rate equations are
not suitable for the evaluation of reaction rates in these sys-
tems [ 18-21]. Stochastic fluctuations also turn out to play an
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important role in biochemical networks in living cells
[22-24]. Recent advances in quantitative measurements of
gene expression at the single-cell level enable to analyze
these fluctuations and to examine their effect on cell function
[25,26].

To obtain accurate results in simulations of strongly fluc-
tuating networks of interacting species, one needs to use sto-
chastic methods. Such methods can be implemented either
by the direct integration of the master equation [27-31] or by
Monte Carlo simulations [32-35]. However, these methods
are computationally expensive. For example, the master
equation is useful for the simulation of simple chemical re-
action networks, which involve a small number of reactive
species. However, as the number of chemical species in-
creases, the number of coupled equations quickly prolifer-
ates. This makes the master equation infeasible for complex
reaction networks [36,37]. Monte Carlo methods are also
limited by the need to accumulate large amounts of statistical
data in order to obtain accurate values for the average popu-
lation sizes and reaction rates. Therefore, efforts have been
made to develop efficient approximations of the master equa-
tion [38-47]. For example, the method presented in Refs.
[41-43] is based on dimensional reduction of the master
equation. The method of Refs. [44-46] is based on moment
equations derived from the master equation, using a suitable
truncation. Recently, hybrid methods [48-50] which dynami-
cally apply either stochastic or deterministic methods, have
been introduced.

The question of identifying the crossover of a system
from deterministic to stochastic behavior is of general impor-
tance. Both the accuracy and efficiency of the simulation of a
particular system may be considerably improved by using
the most appropriate simulation method for given conditions.
The rate equation method is advantageous in the determinis-
tic case, while the stochastic methods are required when the
system exhibits large fluctuations. In practice, the simulation
method is often chosen according to insight obtained through
trial and error. However, recent efforts have been made in
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order to formulate more rigorous rules for the selection of the
most appropriate simulation method [51]. In many cases one
is primarily interested in the average population sizes of the
interacting species and the reaction rates. It would thus be
beneficial to formulate guidelines for the conditions under
which the rate equations can be used to accurately calculate
these quantities.

In this paper we formulate criteria for the validity of the
rate equations for the calculation of reaction rates in reaction
networks under steady-state conditions. To this end, we con-
sider a class of spatially homogenous (well-mixed) systems
involving n distinct species, labeled X;, i=1,...,n. Particles
of each species are introduced into the system at a rate G;
(s71), referred to as the generation rate. Each particle spon-
taneously degrades or leaves the system after an average life-
time of #,=1/D,, where D; (s™!) represents the degradation
rate of an X; particle. In addition, pairs of particles may
encounter each other and react. The reaction rate between a
pair of particles of species X; and X; is denoted by K;; (s™').

The expressions used in order to calculate the average
reaction rates highlight the fundamental differences between
the rate equation approach and the stochastic approach. The
rate equation method is based on the mean-field approxima-
tion, which identifies the instantaneous population size, N,
of species X;, with the ensemble average (N;). According to
this assumption, the average number of distinct pairs of X;
and X; particles in the system is (N;)(N;). Therefore, the re-
action rate between particles of these two species is given by

KNy’
Rij = L,
Klj<Nl><Nj> for i # J-

fori=j,

(1)

In the stochastic approach, the actual number of particles of
each species which are simultaneously present in the system
is taken into account. Consequently, the reaction rates in the
stochastic approach are

{Ki,-<N,»<Ni— 1) fori=j,
ij=

KANN) ?

fori#j.

Note that in the expressions for R, a factor of 1/2 was
integrated into the rate constant K;;. The temporal evolution
of the average particle populations can be described by the
general equation

(N{(1)) = G; = DAN{)) = 2R;i(1) = 2 Ryj(1) + 2, Ry, (1),

i i+
3)

where i=1,...,n. The first and second terms in Eq. (3) de-
scribe the addition and degradation of X; particles, respec-
tively. The third and fourth terms represent the removal of X;
particles by reactions. The last term accounts for all the pro-
cesses in which X; particles are formed. Equation (3) is ap-
plicable to both deterministic and stochastic calculations, de-
pending on the form of the reaction terms R, as described
above.

The paper is organized as follows. In Sec. II we consider
a simple dimerization reaction and identify the range of pa-
rameters in which strong fluctuations render the rate equa-
tions invalid. In Sec. III we introduce the system-size ap-
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proach, in which the boundary between the deterministic and
stochastic regimes in the parameter space is derived in a
more systematic fashion. This approach enables us to
broaden the analysis to more complex reaction systems, as
shown in Sec. IV. The results are discussed and summarized
in Sec. V.

II. SINGLE SPECIES NETWORK

The simplest reaction network consists of a single reactive
species X, which undergoes dimerization X;+X; — X,. For
simplicity we assume that the X, molecules do not take part
in further reactions. In this case the network can be described
by a single rate equation [52]

<N1>=G1—D|<N1>—2K11<N1>2- 4)

A more complete description of the system is given by the
master equation, which expresses the temporal evolution of
the probability P,(N,) of finding exactly N, particles in the
system at time ¢. For the single-species system, the master
equation takes the form [27,28,53]

P(N)) =G |[P(N, = 1) = P(N)]+D,[(N, + 1)P(N, + 1)
= NP(N)]+ K [(N; +2)(N; + 1)P(N, +2)
- N{(N; - 1)P(NY)], (5)

where Ny=0,1,2,.... We can compare the master equation
with the rate equation by deriving an equation for the first
moment of P(N,) [44]. This is done by taking the time de-

rivative of (N;)=%y N,P(N,), and inserting P(N;) from Eq.
(5). After performing the summation over the values of N,
one obtains the equation

(N}) =G| = D(N) = 2K, (N, (N, - 1)), (6)

which can be easily compared with Eq. (4).
The rate equation (4) and the master equation (5) include
three rate constants: Gy, D; and K. Therefore, their steady-

state solutions, (N,)=0 and P(N,)=0, respectively, can be
fully characterized by two parameters, which represent ratios
between these three rates. We have chosen the ratios G{/D;
and D,/ K, the significance of which is as follows. The first
parameter

11=G/Dy, (7)

represents the number of X particles added to the system
during the lifetime of one such particle. This value approxi-
mates the average number of potential reaction partners per
X, particle. The second parameter

S$11=D/K;y, (8)

is approximately the number of X particles that degrade dur-
ing the average time it takes an X, particle to undergo a
reaction. These two parameters are used in order to charac-
terize the dynamics of the system. If S}, > S7,, the number of
potential partners per particle is larger than the number that
leave before it reacts. The range of parameters in which this
situation occurs is called the reaction domain, since most
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particles in the system undergo reaction rather than degrada-
tion. In the opposite situation, where 7, <S7,, most particles
leave the system through degradation before a reaction can
take place. Thus, this range of parameters is called the deg-
radation domain.

The rate equation method is expected to fail in the limit of
small population sizes, where stochastic effects become sig-
nificant. Naively, one may expect the rate equations to be-
come inaccurate when (N;)<1. This is not a good criterion
for several reasons. First, this condition cannot be easily
evaluated in advance, based on the parameters alone: It re-
quires one to actually solve the rate equations. Second, we
will show below that it is possible to find a more accurate
division between the deterministic and the stochastic regimes
in the parameter space. Interestingly, it is found that in some
cases the rate equations are applicable even for a range of
parameters in which (N,) is significantly smaller than 1.

In order to characterize the stochastic range in a more
precise manner, we compare the approximate results ob-
tained from the rate equations with the exact results obtained
from the master equation. More specifically, we use the ana-
lytical solution of the master equation (5), presented in Refs.
[28,53]. In Fig. 1(a) we present the average population size
(N,), obtained from the master equation under steady-state
conditions, as a function of the parameters S|, and S7,. The
color code represents the function y=1og,,({N;)). It is found
that (N,)<1 (or y<<0) in a broad range of parameters cov-
ering the bottom half of the plot and the upper-left corner
(dark shades). In Fig. 1(b) we compare the results for the
reaction rate, R;;, obtained from the rate equation and the
master equation, under steady-state conditions. The color
code represents the function z=log;o(R}¢/RT\**"). When the
two results do not coincide, the rate equation is found to
overestimate the reaction rate, namely R'°>R]\*', and z
>0. The rate equation provides a good approximation for
Ry; in the dark region, where z<<1, which is roughly
characterized by

max(S7,,57;) > 1. )

If the condition (N;)>1 was an accurate criterion for the
validity of the rate equations, there would be no overlap
between the dark region in Fig. 1(a) (where (N;)<1) and the
dark region in Fig. 1(b) (where the rate equation results are
valid). However, there is a large domain of such overlap in
the lower-right quarter of the graph and a smaller one in the
upper-left quarter. This indicates that the domain of validity
of the rate equation is broader than expected.

The result presented in Eq. (9) can be intuitively under-
stood as follows. In the reaction-dominated region [above the
dashed line in Fig. 1(b)], most particles leave the system
through reaction. In this case, the rate equation provides a
good approximation for the reaction rate if the stochastic
effects are small, namely if the average number of potential
partners for reaction per particle is larger than 1 (S7,>1). In
the degradation-dominated region [below the dashed line in
Fig. 1(b)], the primary process is degradation. The rate equa-
tion solution and the master equation solution both converge
toward R;;— 0 as the degradation process becomes increas-
ingly efficient. As can be seen by comparison of Egs. (4) and
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FIG. 1. (Color online) (a) The function y=log;o({N;)) in the
steady state from the exact master equation solution vs the rate
ratios S7,=G,/D; and S7;=D,/K;. The dark region represents the
values for which (N) < 1. (b) The function z=log;o(R}}*/RT{*") vs
S}; and S7, under steady-state conditions. The dark region repre-
sents the values for which the rate equation method is accurate. This
area can be roughly characterized as max(S7,,S7;)> 1. The black
dashed line separates the reaction domain (upper triangle) from the
degradation domain (lower triangle).

(6), When the reaction rate becomes very low, the rate equa-
tion results coincide with those of the master equation. We
can roughly characterize this region by S;,> 1.

III. SYSTEM-SIZE APPROACH

The steady state of the system described above is fully
determined by the parameters S7,=G,/D; and S],=D,/K;.
This allows us to characterize the stochastic properties of this
system through simple two-dimensional plots, such as those
shown in Fig. 1. More complex networks involve too many
parameters to allow such graphical analysis. Consequently, a
different approach is required in order to formulate condi-
tions similar to Eq. (9) for more general reaction networks.
In order to find such conditions, we examine the dependence
of the reaction rates on the system size (). Depending on the
system being considered, the size () may refer to its volume,
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area, or the number of discrete sites in which particles may
reside. In general, we denote the units of Q by [Q] (which
could represent, for example, cm? or cm?®, depending on the
system). In this analysis the rate constants are assumed to
relate to () as follows. The generation rate G; of species X; is
considered to be proportional to () according to

Gi:giQ’ (10)

where g; (s7'[Q]7!) is a constant. An example of such a
system is a surface exposed to a flux of particles. The reac-
tion rate constant, K;;, is taken to be inversely proportional to
), namely

ij>

ki
K= 51 (11)
where k;; (s7'[Q]) is a constant. This is the case, for ex-
ample, in a system of particles which diffuse randomly on a
surface and must encounter each other in order to react (a
more precise evaluation of the reaction rate constant in the
case of surface diffusion is given in Refs. [54,55]). The deg-
radation rate D;, which represents the inverse of the average
lifetime of a single particle, is assumed to be independent of
the system size. Therefore, the system can be fully described
by the size-independent parameters g;, k;;, and D;, and the
system size (). It is important to note that these assumptions
have been made for the sake of convenience and do not
affect the final conclusions, which can be formulated in
terms of the general parameters Si
The rate equation method is based on the mean-field ap-
proximation, according to which the discrete particles can be
replaced by a uniform density p; of particles spread through-
out the system. The average particle population is thus pro-
portional to the system size,

(N)=p). (12)

Substituting p,£) for (N) in Eq. (1), we find that in the rate
equation approach the reaction rate is also proportional to the
system size
(kip)x  for i=j,
ii= {( (13)

In a large system, which contains many particles, the
mean-field approximation is valid. However, as () is reduced
(keeping the densities p; constant), fluctuations in the number
of particles become increasingly significant. Such conditions
may also be reached by decreasing the densities p; for a fixed
system size. However, taking the system size as the control
parameter is more convenient for our analysis. The effects of
fluctuations are most straightforward when the system is
small enough that (N,)<1. Most of the time, such a system
contains no more than one reactive particle, so no reaction
can occur. However, the mean-field approximation attributes
a nonzero reaction rate to the system. Generally, if the sys-
tem is sufficiently small, the mean-field approximation will
overestimate the reaction rate [20,21] and the actual reaction
rate will no longer be proportional to ().

In the analysis below, we will try to identify the system
size () above which the mean-field approximation is valid
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and the rate equations are applicable. To this end, it is useful
to consider the solution of the moment equations. These
equations are constructed from the master equation, using a
suitable truncation [44—-46]. The moment equations are accu-
rate for small systems in which the populations of reactive
species are small. Depending on the network parameters, the
moment equations may be valid for large systems as well
[46].

The single-species system considered above can be de-
scribed by the following set of moment equations [44];

<N1>=G1 —D1<N1>—2K11(<N%>—<N1>),

<N%> =G+ (2G,+D|){N,) - 2D1<N%> - 4K11(<N%> —(Nyp)).
(14)
The reaction rate, R,;=K;;((N3)—=(N;)), can be obtained by

solving these two equations. In order to isolate the effect of
the system size, we write the steady-state reaction rate, ob-

tained from the moment equations, using the size-
independent parameters [44,46],
2/ 02
Q
me=&<—J, (15)
D\ ay
where
Q Q
ag = (16)

=1+2 + .
(Dy/g)  (kyy/Dy)

This expression reveals a dependence on two characteristic
scales,

s _Di_9Q

! 81 STI’

_ k Q

11=A=__, (17)
Dy 8y

which represent the main features of the system, indepen-
dently of the system size [53]. Thus, these scales serve as
yardsticks for the evaluation of the system size. According to
Eq. (16), the system size () is considered to be large if it is
significantly larger than either Q7 or 7. In a large system,
a;, is proportional to €. Thus, according to Eq. (15),
RTY™™oc). We can similarly conclude that if €
<min(Q7,,€7,), the system is considered to be small. In this
case, a;, is only weakly dependent on () and therefore
ernloment s Qz

We now propose that this classification of large and small
systems also applies as a criterion for the validity of the
mean-field approximation. This leads to the conclusion that
the condition for the use of the rate equations to evaluate the
reaction rate is

Q > min(Q7,,Q7). (18)

This condition is identical to Eq. (9), which was found em-
pirically from Fig. 1. This result is illustrated by two ex-
amples in Fig. 2. In these examples, the steady-state reaction
rate is shown as a function of the system size (). The () axis
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FIG. 2. The reaction rate R;; vs system size () for the reaction
X, +X;— X,, under steady-state conditions. The solution of the rate
equation (solid line) is compared with the results of the stochastic
simulation (circles). The solution of the moment equations (dashed
line) appears as well. Examples from both the reaction domain
Q7,<Q7], (a) and the degradation domain Qf, >}, (b) are pre-
sented. These results demonstrate that the solution of the rate equa-
tions accurately approximates the exact solution if ()>min
(@1, 07).

in each of these plots corresponds to a diagonal line in the
plane of Fig. 1. The rate equation results (solid line) are
compared to the stochastic results, obtained from Monte
Carlo simulations (circles). The moment equation results are
also shown (dashed line) for comparison. In addition, the
characteristic scales (], and 7, appear as vertical dotted
lines. In each of the two examples, the rate equation results
are accurate in the region Q>min(Q7,,Q7,). When Q ap-
proaches the smaller of the two characteristic scales the ac-
tual reaction rate obtained from the stochastic methods
ceases to be proportional to () and the rate equation results
are not valid. This is in agreement with Eq. (18). In Fig. 2(a)
the system is in the reaction domain, namely Q7, <Q7,. In
Fig. 2(b) the system is in the degradation domain, where
11>
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The Monte Carlo results presented throughout this paper
were obtained using the Gillespie algorithm [32,33]. The
simulation is set in the space spanned by the discrete states
of the system, corresponding to the values N;, i=1,...,n.
The simulation consists of a generalized random walk be-
tween states which are connected by different processes,
weighted by their rates. The Monte Carlo data provides the
probability of the system to be in each state. The average
values obtained from this data converge towards the exact
stochastic solution given by the master equation.

IV. GENERALIZATION TO MORE COMPLEX NETWORKS

We now extend the analysis of the preceding section to
more complex reaction networks. As a first step, we consider
a simple system involving two reactive species X; and X,.
Particles of species X;, i=1,2, are added to the system at a
constant rate G; (s7!), and undergo degradation at a rate D;
(s7!). In addition, two particles may react according to X,
+X,— X5 with a rate constant K, (s7!). For simplicity, we
assume that the product species X5 is not reactive and has no
further role in the evolution of the system. Under these as-
sumptions, the rate equations take the form

<N1> =G, —D1<N1>—K12<N1><N2>,

(Ny) = Gy = Dy{No) = K (N, XN,). (19)

To extend the system-size analysis, we define two parameters
for each of the reactive species, which provide the ratios
between the rates of different processes,

S1,=G,/Dy,
X, — 12 2/ D)
S =Dy/K,,
Sy =G,/D,,
PO (20)
S21:D1/K12.

The parameter S;-'j represents the number of potential reaction
partners of type X; per X; particle. The parameter S;; repre-
sents the number of X; particles that leave the system in the
average time it takes an X; particle to undergo a reaction.
Therefore, if Slfj>SlTj then the removal of particles of species
X; from the system is dominated by the reaction process
rather than by degradation. In the opposite case, S:-}< S the
removal of X; particles is dominated by degradation.

Implementing the system-size approach, we use the solu-
tion of the moment equations to identify the domain in which
the rate equations accurately approximate the reaction rate.
The moment equations for this system are [46]

(N\)=G, = D(Ny) - K;{N|N,),
(N2) = Gy = Dy(N,) — K 15(N N,

<N1N2> =GNy + Gx(N) = (Dy + Dy + K1p){N|Ny).
(21)

Expressing the steady-state reaction rate, obtained from the
solution of these equations, in terms of the size-independent
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parameters, g;,g,,D;,D, and k;,=K,/Q), and the system
size (), we find that

RTzomem=glgz<L+L)(Q_2), (22)
Dy D)/ \ap
where
=1+ Q + Q + Q + Q .
(Dy/gy)  (Dylgy)  (kio/D,)  (kio/Dy)
(23)

(230

The dependence of RTy™™ in Eq. (22) on the system size

appears only in the ratio %/ ay,. This dependence is deter-
mined by the four characteristic scales, which appear in Eq.
(23), namely Q7,=Q/S},, Q3,=Q/S;,, Q,=Q/S},, and
05,=0Q/855,. According to our hypothesis that the rate equa-
tions are accurate when R}y« (), the condition for the

validity of the rate equations is
Q > min(Q},,07,,Q5,,Q3)). (24)

This condition is demonstrated in Fig. 3. In Fig. 3(a) both
species are in the reaction domain, namely Q;Tj<Qi_j. In Fig.
3(b) both species are in the degradation domain, namely
QZ>Q; In both examples, the rate equations become inac-

curate as () approaches the smallest of the four scales 7,
O, Q3,, and Q.

A. Networks with multiple reactions

Both systems considered thus far involve a single reac-
tion. In order to generalize our analysis to more complex
networks, we must examine a system with more than one
reaction. Thus, we consider a system of three species X;, X»,
and X3, with two reactions X;+X,— X, and X;+X3— X;s.
The rate equations that describe this system are

(N1) =G, = D{(N) = K1{N X(No) = K1 5(N Y (N3),
(Ny) =Gy = Dy(No) = K1o{N (N,

(N3) = G3 = D3(N3) — K 3(N, XN3). (25)

In the simpler systems described above the kinetic behavior
of each species was determined by the comparison of the
reaction rate and the degradation rate of that species. When a
certain species takes part in more than a single reaction, one
needs to separately compare its degradation rate with the
reaction rate of each of these reactions. Since each reaction
involves two species, it is characterized by four rate-ratio
parameters of the form

R Si2S1p for Xi,
127 ) ot o=
218y for Xo,

St., ST, for X,
Ri3— 13 13 : (26)

831,83, for X;.
The comparison between the parameters S;’i and §;; deter-
mines the relative strengths of the reaction R,-_,- and the deg-
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FIG. 3. The reaction rate Ry, vs system size () for the two-
species reaction network, under steady-state conditions. The solu-
tion of the rate equation (solid line), stochastic simulation (circles),
and the moment equations (dashed line) are shown. In example (a)
both species are in the reaction domain, and in (b) both are in the
degradation domain. Both examples demonstrate that the rate equa-
tions are accurate when Q> min(Q},,Q7,,Q3,.Q3,) and the actual
reaction rate is proportional to ().

radation of the species X;. For instance, if S],>S7,, the X,
species has a stronger tendency to react with X, than to de-
grade. This is independent of the strength of the reaction of
X, with X5, which is determined by Sj; and S7;, or the
strength of X;+X, with regard to X,, which is determined by
S, and S3,.

Employing the system-size approach, we are interested in
the steady-state solution of the moment equations for this
system, which take the form [46]

<N1> =G, —D1<N1>—K12<N1N2> —K13<N1N3>,
(Ny) = Gy = DyN,) = K 1o{N\Ny),

(N3) =G5 = D3(N3) — K;5(N|N3),
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(N\N,) = G({N,) + G{N}) = (D + D5 + K1)){N N>,

(N1N3) = G (N3} + G3(N,) = (D + D5 + K 3)(N,N3).
(27)

In this case, it is not possible to derive simple expressions for
the steady-state reaction rates from these moment equations.
However, under steady-state conditions it is possible to ex-
press the reaction rate R,=K,(N;N,) in terms of R;
=K,5(NN3), according to

1 rmoment 1 Qz
RTzomem=glgz[_<1——13 >+_]<_>, (28)
D, 81 Dy [\ ayp

where r3=R;3/. Note that the expression for R{y™" can

be obtained in a similar fashion. Equation (28) is similar in
form to Eq. (22), except for the term r{3™"/g,. In systems
which involve only one reaction, the dependence of the
steady-state reaction rate R[°™ on the system size is en-
tirely determined by the ratio %/ o ;- However, the inclusion
of a second reaction X;+X; adds a dependence on rjj*™™,
which, in general, may be dependent on (). The analysis is
further complicated by the fact that the moment equations
may become inaccurate in the large () limit as the reaction
network becomes more complex.

The central factor in evaluating the system-size depen-
dence in Eq. (28) is the importance of the term Y™/ g . If
most X particles react with particles of species X, then
rY™™/ ¢ — 1, and its dependence on () may have a large
influence on R{Y™™. On the other hand, if other processes
dominate the X; population, then r/¥™"/g; <1, and can be
neglected. The strength of the reaction process can be
roughly estimated according to the ratio Qp;/Q;. If
075/0Q75<1, only a minority of the X, particles are able to
find an X5 particle to react with. Therefore, the value of
rIY™e/ g is small. In the opposite case, Q73/ Q73> 1, the X,
particles have ample opportunity to react with X5 particles.
However, if 7,/ Q},>Q7;/Q};, many X, particles will react
with X, particles instead, thus reducing the value of
Y™ g, The limit r{Y™"/g,—1 may be reached if
Q3/Q7,>1, and Q,/QF, <Q5/ Q5.

When the X species is largely dominated by degradation,
namely, €7/ QL.<1 for j=2,3, the coupling between the
two reactions is reduced and the analysis of the system can
be simplified. In this case, r;, and ry3 are both much smaller
than g; and their dependence on the system size does not
affect the reaction rates. Consequently, Eq. (28) is effectively
reduced to the expression (22) for the reaction rate in a two-
species system. Therefore, the dependence of each rate
Rg?omem in the three-species system on () is determined in the
same manner as the single rate in the two-species system.
Defining

Q" = min(Q},, Q. Q0

=i =i

o), (29)

we conclude that the rate equations may be used for the
calculation of R;; as long as the system size satisfies
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FIG. 4. Steady-state reaction rates (a) R, and (b) R;3 vs system
size () in the three species reaction network. The solution of the rate
equation (solid line), stochastic simulation (circles), and the mo-
ment equations (dashed line) are shown. The inset plots show the
ratios (a) r»/g; and (b) ry3/g;, which are both significantly smaller
than 1. Therefore, the rate equations provide an accurate approxi-
mation of each rate R;; if the condition Q>Q}}ﬁ“ is fulfilled.

Q> Qg‘i“. (30)

An example of such a system, where Q,/Q},=10 and
07;/Q7;,=0.02 is shown in Fig. 4. The steady-state value of
R}, versus () is shown in Fig. 4(a). As in the two species
system, the rate equation results for R, are valid as long as
Q> Q" The inset shows the value of rj5/g; vs ), which is
smaller than 1 by at least an order of magnitude. It is clear
from Fig. 4(b) that the crossover to the stochastic regime
with respect to R;3 takes place at Q=Q73". The inset shows
the ratio r,3/g;, which is much smaller than 1.

When the X; population is dominated by one or more
reactions, it becomes more difficult to identify the boundary
of the stochastic domain for each reaction separately. This is
due to the fact that the system size dependence of R,, given
by Eq. (28), may be influenced by the term r{y™"/g,. Even
a relatively simple network, such as this three species sys-
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tem, involves too many factors to accurately determine the
point at which the rate equation solution begins to deviate
from the exact solution. However, we can find an upper
bound for this point. To this end we employ several assump-
tions regarding the behavior of the system in two limits.

According to our analysis of simpler systems, the entire
system is in the stochastic limit when

Rg}oment o QZ (3 1)
for both reactions. This is the case if
Q < min(Q%Q0Y), (32)

since most particles leave the system by degradation before
they have a chance to undergo reaction. Therefore, both r,
and ri3 are much smaller than g;, and can be neglected.
Furthermore, under the condition of Eq. (32), both param-
eters a;, and a3 are =1 [see Eq. (23)]. As apparent from
Eq. (28), this means that both R, and R,3 are in the stochas-
tic limit.

For large systems we assume that fluctuations in the par-
ticle populations are negligible. Therefore, it is generally as-
sumed that the rate equations are accurate in the large system
limit, although this limit is usually determined rather heuris-
tically. Based on the system-size approach, we consider the
system to be large if () is larger than the minimal scales
associated with both reactions,

0 > max( ‘lnzi“,QIfl;" . (33)

This also corresponds to the domain in which, for both reac-
tions,

Rg?oment o Q, (34)

although the solution of the moment equations may not be
accurate in this limit. In this domain, the deterministic mean-
field approximation is valid for both reactions, and the rate
equations may be used to calculate both reaction rates.

These assumptions are justified regardless of which pro-
cess dominates the population size of each particle species.
As we have seen, if both reactions are relatively inefficient,
neither has a significant effect on the other. Therefore, we are
able to separately pinpoint the transition of each reaction rate
R;; from deterministic to stochastic behavior as (;}". In the
event that at least one reaction is very effective with regard
to the X; species, the reaction rates are influenced by one
another. Based on our conclusion that the rate equations are
accurate for both reaction rates if

Q > max(Q™", QM) (35)

and without performing a more complex analysis, the most
we can say about either reaction rate is that the transition
occurs somewhere between the two scales Q75" and Q75"
We can thus set the upper bound for the transition point for
both reaction rates to be max(Q3", Q3").

In the example presented in Fig. 5, the parameter ratios
are Q7,/Q],=0.01 and Q7;/Q;=500. Accordingly, rj,/g,
<1, as can be seen in the inset of Fig. 5(a), and r3/g,— 1 in
the large system limit, as is apparent from the inset of Fig.
5(b). The results obtained from Monte Carlo simulations,
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FIG. 5. Steady-state reaction rates (a) R, and (b) R;3 vs system
size () in the three species reaction network. The solution of the rate
equation (solid line), stochastic simulation (circles), and the mo-
ment equations (dashed line) are shown. The inset plots show the
ratios (a) rj/g; and (b) ry3/g,, which approaches 1 in the large
system limit. If  <min (Q'I“Zi“,ﬂ‘g“), both reactions are in the sto-
chastic domain, R,-jOCQZ (rij=Q). If Q>max (Q’l“zi“,ﬂ‘l‘"gi“ , the
mean-field approximation is valid for both reactions and R;;%()
(r;;~ const). In this domain, the rate equations provide an accurate
approximation of both rates R, and R;3.

indicate that in the limit Q <min (Q}3", Q") =107 both re-
actions are in the stochastic domain, where R,-_,AOCQ2 (rij
«()). When Q>max (Q}3",Q13")=10% the mean-field ap-
proximation is valid for both reactions and R;;o(). In this
domain, the rate equations provide an accurate approxima-

tion of both rates R, and R 5.

B. Example: Formation of water molecules on surfaces

In a general reaction network, each reactive species may
participate in several reactions. Additionally, particles which
are products of one reaction may react with other species.
These features may complicate the equations that describe
such reaction networks. However, the same principles we
have used in the analysis of the simpler networks apply in
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the general case as well. As an example, we consider the
following set of chemical reactions:

H+H— H,,
H+0O — OH,
H+ OH — H,0,

0+0—0,.

This network is of much interest in interstellar chemistry. It
takes part in the formation of ice mantles on the surfaces of
dust grains in dense molecular clouds in the galaxy [56,57].
Each reaction process is associated with its own set of pa-
rameters,

05

Q50,050

ijo R i S 2o S i

fori=j, G6)

R.: —
Y for i # j,

making a total of 12 parameters for this network. Following
the system-size approach, we are interested in the steady-
state solution of the moment equations for each of the reac-
tion rates R;;. Our system is described by a set of seven
moment equations [46],

(Ny) = Gy — DNy = 2Ry 11 — Ris.0 = Ru.oms
(No)=Go—Do{No) = 2R 0 = Riy.0
(Now) = Gon = Dou(Now) + Ru.0 = Ru.ons

(NB) = Gy + (2Gy + Dy){Nyy) = 2Dy{Ni;) = 4Ry 11 = Ry o

= Ruon,
<Né> = GO + (2GO + D0)<No> - 2D0<Né> - 4RO,O - RH,O?
<NHNO> = Gyu(No) + Go{Ny) — (Dy + Do + Ky 0){NyNo),

<NHN0H> = Gg(Non) + Gou{Ny) — (D + Doy + KH,OH)
X{NuNop)- (37)

For simplicity, we have represented terms of the form
K”(<N12>—<Nl>) by Rii and terms of the form Klj<Nle> by Rl]

As in the previous system, it is possible to find simple
expressions for the reaction rates if, while solving for R;; we
treat all other reaction rates as constants. Using the param-
eters g, D, k, and r, we find that the reaction rates in this
system are

1 ruo+r 0?
[ _(1_ H,0 H,OH)]( ) 18
L gH{DH 8u Ay H 9

1 r 0?
Ry = o> —(1—£>]<—>, 39
00 go{Do 8o 0,0 (39)
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1 2rgup+r 1 2r,
RH,OnggO|:_<1_ H.H H,OH>+_<1_ 0,0)]

Dy 8H Do go
QZ
() "
aH,0
1 2rH,H+ rH,O 1 rH,O
RH,0H=8H80H[_<1 - + I+
Dy 8u Doy 8oH
Q2
><< ) . (41)
QH,0H

The parameters «; and «;; are given by Eqs. (16) and (23),
respectively. Expressions (38)—(41) are similar to the ones
derived for the simpler systems. In a similar manner, we can
obtain the steady-state expressions for the reaction rates in
any system of reacting particles. The values of the competi-
tion terms relative to 1 determine the system-size depen-
dence of the reaction rates. However, as the reaction network
becomes more complex, it becomes increasingly difficult to
estimate these values based on the system parameters alone.
For a general system, therefore, we can find only an upper
limit for the transition value of the system size by applying
the conclusions of the preceding sections. To calculate a par-
ticular rate R;;, we must compare the system size to Qmin for
all the reactions which involve either X; or X;. If () is smaller
than all of them, then R;; is in the stqchastic limit, where
R;jc QO If Q) is larger than all the Q™" associated with X;
and X;, the mean-field approximation is valid and the rate
equations may be used to calculate R;;. Thus, for instance,
the rate equation solution for Rp will be accurate if ()
>max  (Q00.0y0o), and for Ryoy if Q>max
(5, QD O,

V. SUMMARY AND DISCUSSION

Reaction networks exhibit deterministic behavior for large
systems in which the populations of reactive species are
large and fluctuations are negligible. In this case they can be
simulated using rate equations. In the limit of small systems,
the populations of reactive species are small and their dis-
crete nature becomes important. Therefore, fluctuations are
significant and stochastic methods are required for the simu-
lation of these systems.

In this paper we have addressed the problem of identify-
ing the conditions under which the rate equations may be
used to calculate reaction rates in a general system. This
question is important since the rate equations are much more
efficient in terms of computational resources than stochastic
methods. More specifically, the rate equations include one
equation for each reactive species. In the master equation,
the number of equations increases exponentially with the
number of species. To demonstrate this fact, consider a reac-
tion network which includes n reactive species, X;, i
=1,...,n. The master equation accounts for the time deriva-
tives of the probabilities P(N;,N,,...,N,) that the popula-
tion sizes of species X;, i=1,...,n, will be given by N,. In
numerical simulations the master equation must be truncated
in order to keep the number of equations finite. This is done
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by setting upper cutoffs NI, i=1,...,n on the population
sizes such that N;=0,1,...,N;"". The number of equations is
thus Np=II"_ (N +1). The truncated master equation is
valid as long as the probability to have population sizes be-
yond the cutoffs is vanishingly small. Clearly, N, grows ex-
ponentially with n. This severely limits the applicability of
the master equation. Similarly, the time required for Monte
Carlo simulations to converge is proportional to the volume
of the relevant state space, which increases exponentially
with the number of species. Several methods which combine
both stochastic and deterministic calculations have recently
been developed in order to maximize both the efficiency and
accuracy of the simulation. In Ref. [50] this problem is ad-
dressed by using an adaptive stochastic method, that dynami-
cally switches between deterministic and stochastic simula-
tions according to the population sizes of the reactive species
and the reaction rate constant. References [48,49] introduce
methods in which a reaction network is partitioned into fast
reactions and slow reactions. The fast reactions, in which
fluctuations are negligible, are integrated using deterministic
equations (or Langevin equations), while the slow reactions
are simulated using stochastic methods. Both these ap-
proaches rely on intuitive criteria for identifying the reac-
tions which require the use of stochastic calculations. Addi-
tionally, the methods of Refs. [50,49] require reevaluation of
the need for stochastic calculations at every step of the simu-
lation.

We have used the system size approach to formulate well-
defined criteria for the crossover from deterministic to sto-
chastic behavior in networks of chemical reactions. In our
analysis it is assumed that the reactants are distributed ho-
mogeneously in space or are constantly stirred. Using this
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approach we identified the range of conditions under which
the rate equations provide accurate results for the reaction
rates in the network. These conditions are expressed in terms
of the rate constants of the network. They can thus be evalu-
ated prior to the actual execution of the simulation. There-
fore, these conditions enable one to choose the proper simu-
lation method for the given network.

For simple systems involving a single reaction, we iden-
tify several characteristic scales defined by the rate constants
of the system. The system is found to exhibit deterministic
behavior as long as its size is larger than the smallest of these
scales. In more complex networks, each species may partici-
pate in more than one reaction. Each of these reactions is
associated with several characteristic scales. However, the
deterministic regime for a given reaction is not fully defined
by these scales alone, rather the effects of competing reac-
tions must be taken into account as well. In general, these
effects cannot be evaluated a priori from the system param-
eters, since they depend on the relative efficiency of the dif-
ferent reactions. For a given reaction in a general network,
we can only identify an upper bound for the system size at
which the crossover between deterministic and stochastic be-
havior takes place. As long as the system is larger than this
upper bound, the rate equations are suitable for the calcula-
tion of the rate of this reaction.
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